We formulate a perturbation expansion for the effective action in a new approach to the functional renormalization group method based on the concept of composite fields for regulator functions being their most essential ingredients. We demonstrate explicitly the principal difference between the properties of effective actions in these two approaches existing already on the one-loop level in a simple gauge model.
Introduction
The functional renormalization group (FRG) approach [1, 2, 3, 4, 5] is a very popular method (see the recent review in Ref. [6] and references therein) to study quantum properties of physical models beyond the perturbation theory. The application of this method to gauge systems meets essential difficulties which are connected with gauge dependence of average effective action even on-shell [7, 8] . It happens due to the presence of regulator functions which improve the behavior of propagators in IR and UV regions but destroy the gauge invariance of initial classical action. It was the main reason in Refs. [7, 8] to reformulate the standard FRG approach preserving their attractive features with regulator functions in a way leading to gauge independence of effective action on its extremals. This is achieved when regulator functions are considered as composite fields introducing on the quantum level with the help of additional sources. In quantum field theory (QFT), the effective action with composite fields was introduced and studied within the perturbation theory by Cornwell, Jackiw and Tomboulis [9] . Later, it was shown that the effective action with composite fields in Yang-Mills theories [10] as well as in general gauge theories [11] does not depend on gauge on its extremals. This allows one to consider quantum methods based on the idea of composite fields as consistent ones. Namely, this fact was the basis for a new approach to FRG [7, 8] .
In the present article, we study the properties of average effective actions, both in the standard and new FRG approaches in a loop approximation. Here, it should be noted that the FRG approach has been proposed as a method to study nonperturbative quantum effects with the help of the so-called FRG flow equation for the average effective action. On the other hand, all renormalization procedures in QFT are known in the framework of perturbation theory only. In particular, this means that any approach to the quantum description of models in QFT might be tested on the level of perturbation theory to satisfy some physical requirements. Among such requirements, the gauge independence of the effective action on-shell is very essential. Because of this circumstance, in the present paper, we restrict ourselves to the study of properties of the average effective action proposed in Refs. [7, 8] in the loop approximation. We find by explicit calculations the difference existing between the one-loop average effective actions in the standard and new FRG approaches already in the case of a simple gauge model. Moreover the average effective action found in this model is exact in the case of the standard FRG approach without referring to the perturbation theory and to the flow equation.
Average effective action in the standard FRG approach
We consider a Yang-Mills theory of fields A a µ with the action S 0 = S 0 (A) and assume its invariance under the gauge transformations,
where
µ is the covariant derivative, ξ a is an arbitrary gauge function and f abc are structure constants of a Lie group. Quantization of the model via the Faddeev-Popov method [12] involves the configuration field space
including the ghost (C a ) and antighost (C a ) fields and auxiliary fields (B a ) with the following distribution of Grassmann parities
3)
The Faddeev-Popov action, S F P (Φ), can be presented in the form
where the nilpotent differential
generates the Becchi-Rouet-Stora-Tyutin (BRST) transformation [13, 14] 
Here, Ψ(ϕ) is a gauge fixing Fermion functional, and µ is a constant Grassmann parameter. Usually, the
form of Ψ(ϕ) is used. One of the more popular choices of gauge functions,
where α is a gauge parameter. The action S F P (ϕ) is BRST invariant,
The main idea of the standard formulation of the FRG approach is to modify from the very beginning propagators of vector fields as well as ghost and antighost fields by introducing the regulator Lagrangians with a momentum-shell parameter k,
where regulator functions R k,A and R k,gh do not depend on the fields and obey the properties
The generating functional of the Green function is constructed in the form of a path integral 14) where W k (J) is the generating functional of the connected Green functions,
and
In Eqs.(2.14) and (2.16), S k (ϕ) is the regulator action,
are constant supermatrices.
The effective action, Γ k (Φ), is defined as the modified Legendre transform of W k (J) [6] with respect to J A ,
The Γ k (Φ) satisfies the functional integrodifferential equation
It has been shown in Ref. [7] that the effective action (2.21) depends on the gauge even on its extremals, Γ k (Φ) ← − ∂ A = 0. This fact indicates a serious problem with the physical interpretation of the results obtained for gauge theories in the framework of the standard FRG method. And this was the main reason to reformulate the standard FRG approach in the form being free of gauge dependence on-shell.
Effective action in the new FRG formulation
The new FRG approach involves external scalar sources Σ 1 (x) and Σ 2 (x), ε(Σ 1 (x)) = ε(Σ 2 (x)) = 0. The generating functional of the Green functions for Yang-Mills theories with composite fields is introduced as
where W k (J; Σ) is the generating functional of the Green functions in the presence of composite fields. Here we introduce the following notation
Using the explicit structure of the regulator Lagrangians (2.10), (2.11) and the definition (3.1) we deduce the relations
or, in terms of
The effective action with composite fields, Γ k = Γ k (Φ; F ), can be introduced by means of the double Legendre transformations
From Eq. (3.5) and (3.6) it follows that
Let us introduce the full sets of fields F A and sources J A according to
From the condition of the solvability of Eqs. (3.7) with respect to the sources J and Σ, it follows that
One can express J A as a function of the fields in the form
and therefore
(3.14)
Let us introduce the supermatrix
Then we have
From (3.9) and (3.16) the following relations hold
In particular, from (3.18) and (3.20) we deduce the presentation for W AB in terms of the effective action Γ k (Φ; F ),
This allows us to present the relation (3.4) on the level of the effective action in a closed form
Finally, we discuss the structure of supermatrices (L 
It is useful to introduce the supermatrix
We obtain a useful relation
It has been proven in Ref. [7] that the functional Γ k (Φ; F ) does not depend on the gauge on its extremals,
Loop approximation
In this section we consider the procedure of loop expansions for Γ k (Φ; F ), following mainly Ref. [9] . Our starting point is the relation
which follows from Eqs. (3.1), (3.5), and (3.7). Making the background-quantum splitting
we present Eq. (4.1) in the form
where the notations 6) and the relations (3.7) are used.
Then we assume the average effective action in the form
Here Γ
k (Φ; F ) is the one-loop effective action for the set of fields Φ A taking into account composite fields F i . The term Γ k 2 (Φ; F ) includes all the two-particle-irreducible vacuum graphs in a theory with vertices determined by S int (Φ, ϕ) and propagators set equal to F i . Note that Γ k 2 (Φ; F ) by itself is of order 2 [9] .
To calculate the one-loop contribution Γ
k (Φ, F ), we have to omit in the functional integral (4.3) all terms of order more than ϕ 2 . Then, we have exp iΓ
The last term in the exponent of the functional integral reproduces one-particle-reducible diagrams and should be omitted in calculating the vertex functions. More systematically, we have the representation of the exponent
After integration over ϕ A , the first term on the right-hand side (4.9) takes the one-loop contribution to the average effective action; the second term vanishes as the Gaussian integral of an odd function; the third term is responsible for the cancelation of tadpole diagrams. As a result we arrive at the relation
At the lower order in , the relation (3.23) reads
From Eq. (4.11), it follows that Then, we find
These relations can be presented in the form 16) where in the first term on the left-hand side of (4.16) there is no summation over index j and
where "const" is used to collect all terms independent on the background fields. 4 Here we don not discuss a suitable definition of the functional traces, but we assume their existence only.
Let us consider the equation for Γ k 2 (Φ; F ), 
Further analysis of this equation requires the explicit form of S int (Φ, ϕ) supported by the additional restriction on Γ k2 ,j (Φ; F ), which comes from the consistency condition (3.23). We are going to study in the future these equations and their solutions using some special field models.
Gauge (in)dependence: A simple example
In this section we illustrate the problem of gauge dependence using a simple example. To this end, we consider the average effective actionΓ k (Φ; F ) up to first order in ,
where Γ
k (Φ; F ) is defined in Eq. (4.17). Note that in consistent gauge theories the effective action does not depend on the gauge on its extremals. First, we check the gauge dependence of the effective action (5.1). Consider the quantum equations of motion Γ 
Substituting (5.2) into (4.17) and keeping in mind the definition (4.6), we obtain
In this approximation, the average effective action (5.3) coincides with the one-loop answer for effective action in a given Yang-Mills theory. It is well-known fact (see, for example, Ref.
[15]) that it does not depend on the gauge when the fields Φ A satisfy the quantum equations of motion. The one-loop contribution to the average effective action, Γ
k (Φ), in the standard FRG approach reads
This action depends on the gauge even on its extremals. To illustrate this feature explicitly, we restrict ourselves to the case of the electromagnetic field in flat space-time. The classical action of the model is
We choose the gauge fixing function in the form
Integrating over field B yields the gauge fixing action
The action for ghosts reads
The effective action of the model in the standard approach [12] to gauge theories is
The dependence of the effective action Γ(Φ) (5.9) on the gauge parameter λ is described by the relation
Using the quantum equations of motion, which in our case coincide with classical ones we see that all dependence on λ comes from Γ (1) (λ). In turn, 13) where the relation Tr ∂ α ∂ β = Tr 1 is used. Therefore,
According to Eq. (5.3), the same result is valid for the average effective action in the new FRG approach [7, 8] .
Calculation of the one-loop effective action of the model within the standard FRG method gives 15) where the action S(Φ) is defined in Eq. (5.9). The regulator action S k (A,C, C) for the model under consideration has the form 
As in the previous case the quantum equations of motion, 
The last two terms on the right-hand side Eq.(5.19) explicitly depend on the gauge-fixing parameter λ. Using the following property of cutoff functions R k (p) → 0 when k → 0, we can approximate the trace of the logarithm by a linear term:
It is clear that
and one meets the gauge dependence of the average effective action within the standard FRG approach even on-shell.
Discussions
In this paper we have studied the procedure of loop expansion in the new FRG approach based on the idea to consider regulator functions being main ingredients of standard FRG method as composite fields [7, 8] . We have derived an explicit formula at leading order in for the average effective action. We have explicitly demonstrated the gauge dependence of the average effective actions constructed within the standard and new FRG methods using a simple gauge model of Abelian vector fields. This example confirmed the general statement of Refs. [7, 8] concerning the gauge dependence of the standard average effective action even on-shell. It is very important to note that, in fact, the average effective action for the model (5.5) -(5.8) is exact in the case of the standard FRG approach without referring to perturbation theory and to solutions of the flow equation. In our opinion this result indicates at least that the gauge dependence problem within the standard FRG approach remains open up to now. Perhaps not all the hidden features of the modified Slavnov-Taylor identities (among recent studies, see, for example, Ref. [16] ) and the FRG flow equation are used to respect the BRST symmetry.
The main feature of the FRG approach is its nonperturbative character, encoding into the FRG flow equation for the average effective action. This equation is a very complicated nonlinear functional differential equation for which exact solutions are not known and different approximations have been developed (for detail, see Ref. [6] ). In turn the structure of the FRG flow equation in the new approach [7, 8] is also very complicated but differs from the standard one. This means that solutions to the new FRG equation require serious efforts to develop new approximation methods. We plan in the future to present our study of the problem.
